ORBIT CLOSURES OF REPRESENTATIONS OF SOURCE-SINK DYNKIN 

QUIVERS 
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Abstract. We use the geometric technique described in [Wey03, Sutll] to calculate the 
resolution of orbit closures of representations of Dynkin quivers with every vertex being source 
or sink. We use this resolution to derive the normality of such orbit closures. As a consequence 
we obtain the normality of certain orbit closures of type E. 



1. Introduction 

Fix an algebraically closed field K. A quiver is a pair Q = {Qo,Qi) where Qq is a set of 
vertices and Qi is a set of arrows. We denote by Q the underying graph of a quiver Q. We 
use the notation ta — > ha for arrows in Q. A source-sink quiver will mean a quiver with every 
vertex being either a source or a sink. 

A representation ((Vi)igQg, {V{a))a£Qi) of Q is an assignment of finite dimensional iiT- vector 

spaces Vi to every vertex i G Qo and ii'- linear maps Vta Vha to every arrow a G Qi. 
The dimension vector of a representation ({Vx)xeQoT {^{'^))aeQi) is defined as the function 
d : Qo — > Z given by d{x) = dim Vx. The Euler form Eq of a quiver Q is a quadratic map 
Eq : Zl'^ol Z given by 



ataOiha 



aEQi\ta-^na 

Given two representations V = ((V'OieQoi (^(«))aeQi) and W = {{Wi)i^Qo, {W{a))aeQi) of Q> 
a morphism ^ : V ^ W is a collection of i^-linear maps (f)i : Vi ^ Wi such that for every 
a & Qi, the square 

V(a) 
Vta > Vha 

ta 4>ha 

W(a) - 
Wta Wha 

commutes. 

With this definition of morphisms, the collection of all representations of a quiver Q (over 
K) forms a category which we denote by Repx(Q)- Given a quiver Q, one can define its 
path algebra KQ as the i^-algebra generated by the paths in Q. It is known that KQ is an 
associative algebra and is finite dimensional if and only if Q is finite and has no oriented cycles. 
An important result in the theory of representation theory of associative algebras asserts that 
for Q being a finite, connected, acyclic quiver, there is an equivalence of categories Mod KQ 
and RepK(Q) (refer [ASS06] for details). 
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The representation space Rep{Q,d) of a quiver Q is the collection of all representations of 
Q of fixed dimension vector d. We view Rep{Q,d) as the set JJ }iom{K'^*\ K'^'^") . Thus, 

aeQi 

Rep{Q,d) is a finite dimensional iC- vector space with an afiine structure. The algebraic group 
rixeQo ^^d(x){^) ^cts on Rep{Q,d) with action given by 

{{9x)xeQo^'^) ' — ^ {9haV{a)gt^^)aeQi 

For V G Rep{Q,d), let denote the closure of an orbit Oy- Then Oy is a subvariety of 
Rep{Q,d). These varieties are in some sense a generalization of determinantal varieties. 

In this paper we calculate a minimal free resolution of such varieties. The method is a 
generalization of Lascoux's calculation of the resolutions of determinantal varieties [Las78]. 
Using this resolution we draw conclusions about geometric properties like normality, rational 
singularities etc. of the orbit closures. The study of these geometric properties has been an 
interesting field of research during the past decade [Zwall]. The question of normality of Oy 
in the case of Dynkin quivers of type A and D has been investigated by Abeasis, Del Fra and 
Kraft [ADFK81], Bobinski-Zwara [BZ02, BZOl] and Lakshmibai-Magyar [LM98]. The question 
of normality for orbit closures corresponding to Dynkin quivers of type E is open. We obtain 
a result (Corollary 3.4) which answers this question for a class of orbit closures corresponding 
to source-sink Dynkin quivers. 

Section 2 contains some preliminaries. We present the main results in Section 3 and some 
examples of the calculation in Section 4. 

2. Preliminaries 

2.1. The geometric technique. We briefly sketch the geometric technique used for our cal- 
culations. For details we refer to [Wey03] (Chapter 5). 

Let X be affine space of dimension N and Y C X he a subvariety. Let V be a projective 
space of dimension m. Then X x V ^ V is the trivial vector bundle of rank A'^, we denote it by 
£. Suppose Z c X xV such that Z is the total space of a subbundle S oiS. Let q : X xV ^ X 
be the first projection. The Koszul complex resolving the structure sheaf Oz of Z can be used 
to calculate a complex F,. If Z is a desingularization of Y then the module q*(C'^) is the 
normalization of Under additional conditions, F, gives a minimal free resolution of the 

coordinate ring of the normalization y of y. 

Consider the exact sequence of vector bundles over V 

O^S — >S — >T — >0 
Let ^ = T*. The Koszul complex 

t 2 

^(0. : ^ /\{p*0 ^ • • • ^ /\{p*0 ^P*C^O 

resolves the structure sheaf Oz as OxxV-module. The complex F, is obtained as a pushforward 
of the above Koszul complex and the terms of F, are calculated using Theorem 2.1 and Bott's 
algorithm. 

Theorem 2.1. (Basic theorem [Wey03]j The terms of the complex F, are given by 

i+j 

Fi = QW{V,f\O^A[-i-j] 

j>Q 
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The following theorem tells us how we can use the complex F, to draw conclusions about 
the varieties in question. 

Theorem 2.2. [Wey03] With notation as above, 

(1) // Fj = for i < then F, is a finite free resolution of the normalization of K[Y] . 

(2) If Fi = for i < and Fq = A then the variety Y is normal and has rational singular- 
ities. 

2.2. Desingularization. To calculate the complex F, in our case we consider a desingular- 
izaton Z of an orbit closure Oy given by Reineke's construction [Rei03]. We describe this 
construction briefly here. 

Let Q be a Dynkin quiver and let AR(Q) denote its corresponding Auslander-Reiten quiver. 
Let X be a partition of the Auslander-Reiten quiver satisfying: 

(1) Extl^{Xa,Xp) = for ah a, /3 G for i = 1, • • • , s. 

(2) HomQ{Xi3,Xa) = = Ext}^{Xa,Xp) for all a G Xt, ^0 G X„, t < n 

Such a partition of AR{Q) exists because the category of finite-dimensional representations 
is directed; in particular, we can choose a sectional tilting module and let It be its Coxeter 
translates. We fix a partition X* of AR{Q). Then the indecomposable representations X^ are 
the vertices of AR{Q). For a representation V = ©aeii+"^a-^a) we define representations 

V(t) ■■= ®aeIt^aXa, t =!,■■■ ,S 

Then V = V(i) © • • • V(s). Let d^ = dim V(t). We consider the incidence variety 

Zi^yC Yl Flag{ds{x),ds-i{x) + ds{x), - ■ ■ ,d2{x) + ■ ■ ■ + ds{x), K'^^'''^) x RepK{Q,d) 

defined as 
(1) 

Zi^,v = {{{Rs{x) C Rs-i{x) C • • • C R2{x) C F) I Va G Qi, Vt, Va{Rt{ta)) C Rt{ha)} 

Theorem 2.3. (Reineke [Rei03]J Let Q be a Dynkin quiver, X* a directed partition of R'^ . 
Then the second projection 

q ■ Zi^,v — > RepK{Q,d) 

makes Zx^y a desingularization of the orbit closure Oy- More precisely, the image of q equals 
Ov and q is a proper birational isomorphism of Zx,y and Oy . 

In this case we say that Z = Zx,y is a (s — l)-stcp desingularization. For our calculations, 
we restrict to orbit closures admitting a 1-step desingularization. Then the vector bundle ^ is 



(2) 
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We calculate 

t 



f\{nta<^QL) 



e 



E„6Qi l^(«)l=* 



S\(a)'^ta ® Sx(ayQ*ha 



aeQi 



(by Cauchy's formula) 



(3) 



e 



a&Q\\ta=x 



aSQi |/ia=a; 



The term in (3) is a vector bundle over V to which we associate a weight in the following manner. 
First some notation: if a; is a vertex with more than one incoming or outgoing vertices then the 
corresponding term in the right hand side of Equation (3) is calculated using the Littlewood- 
Richardson rule. In such cases wc will use the shorthand notation \{aia2) to denote a Young 
tableau occuring in the Littlewood- Richardson product of Young tableaux A(ai) and A (02). So 
for example, if the arrows ai, 02, are all the outgoing arrows from source then a summand 

of Sx(ai)Rx ® Sx(a2)Rx ® Sx(a:i)Rx will be denoted by Sx{aia2a3)Rx- 

Also we use notation —A for the non- increasing sequence consisting of terms A written with 
a minus sign and in reverse order (for example if A = (3 3 2 1), then —A = (—1 — 2 — 3 — 3)). 
With this notation we can describe the associated weight as follows: for a; G Qo let ai, 02, ■ ■ ■ ajt 
be all the outgoing arrows and bi,b2, ■ ■ ■ bi be all the incoming arrows at x. Then the weight 
associated to the summand corresponding to vertex x in Equation (3) is 

{-X{bib2 . . .bi)', X{aia2 . . . ak)) 

v ' V ' 

dimQx dimRx 

We apply Bott's algorithm to these weights to calculate the terms in Theorem 2.1. 

We remark that we can calculate the complex F, starting with an incidence variety Z{P C a) 
introduced by Schoficld in [Sch92]. These are defined as follows. Let X = Rep{Q,P + 7) and 
V = UxeQoGriPx,Px + lx). 

Z{Q, /3(ZP + j)(Z RepiQ, /3 + 7) x J] Gr{l3^, Px + Ix) 

is defined as the collection of quiver representations of dimension vector a = /3 + 7 together 
with a subrepresentation of dimension vector /3. Thus 

Z{Q, pcp + j) = {{V, R) G RepiQ, /3 + 7) x J] Gr{f3^, Px + 7x) I Va G Qi, Va{Rta) C Rha} 

xeQo 

In the case of Dynkin quivers, the variety Y = q{Z{Q,/3 C /3 + 7)) is an orbit closure: Z 
is irreducible implies Y is irreducible and since there are only finitely many orbits in case of 
Dynkin quivers, we have that Y must be an orbit closure. In general however, it is not known 
whether Y is an orbit closure. 

3. Main results 
First we have some results involving Young tableaux. 

Notation: A partition A = (Ai,A2,-- - , A„) is a non-decreasing sequence of non- negative 
integers. The Young diagram corresponding to partition A consists of Aj boxes in the ith. row. 
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The conjugate partition A' is the partition (A'j^, A2, • • • , A^) where A^- is the number of boxes in 
the jth column. We will denote the last row of a Young tableau A by Xiast- 

The following lemma is an easy exercise in counting boxes- 
Lemma 3.1. Let X be a Young tableau. Then for all a and b, 

Ai + A2 + • • • + A„ < a6 + (A'b+i + • • • + A;„,,). 

Proof: We consider three cases: 
Case (1) A|,^.i = a. Then 

Ai + A2 + ■ ■ ■ Aa = a6 + A|,+i + • • • + X'i^,t 
Case (2) A|,^;^ > a. In this case A|,^^ , A^^2 > ' " " -^/ast contribute more boxes so that 

Ai + A2 + • • • + A'„ < a6 + A;+i + • • • + X'l^,, 
Case (3) X'j^^^^ < a. Here the rectangle ab contributes more boxes, so that 

Ai + A2 + • • • + Aa < a6 + A;+i + • • • + Xl,t 

□ 

By symmetry we also have for all a and b: 

(4) A'l + A'2 + • • • + a;, < ab+{Xb+i + ■■■ + Xiast) 

The next lemma is one of the well known Horn-type inequalities for triples of partitions 
[Ful98]. 

Lemma 3.2. Suppose v is one of the partitions occuring in Littlewood-Richardson product of 
X and ji. Then 

1^1+ 1^2 -\ h ffe < (Ai + A2 H V Xk) + [iJLi + 112 ^ h Mfc)- 

Let Q = (QotQi) be an source-sink Dynkin quiver. Fix a representation V of Q. Let 
{X{a))a£Qi be a |(5i|-tuple of partitions. Consider the variety Z obtained as a 1-step desingu- 
larization of Oy ■ When calculating the resolution F, of q*{Oz) we are concerned with the 
difference 

D{X) := |A(a)|-iV 

aeQi 

where N is the total number of Bott exchanges required in the process of obtaining a partition 
from the weights described below. Our main theorem is an inequality involving the above 
difference and Eq. It is a generalization of the inequality obtained for D{X,ii,v) in [Sutll, 
Proposition 4.4]. 

Let Q' C Qq be the set of all source vertices and Q" C Qq be the set of all sink vertices. Let 
A(a) be a non-increasing sequence associated to every arrow a E Qi. With this notation, the 
exterior power /\ ^ in Equation (3) can be viewed as 

(0 ® Sxia)n,)0i(^ (g) s^^ayQl) 

xeQ' aeQi\ta=x xeQ" aeQi\ha=x 

Thus we have one summand for every |Qi|-tuple of non-increasing sequences (A(a))aeQi- 
will be useful to let this tuple of partitions also stand for the summand it corresponds to. 



(5) M= 

Eaeo, \Ha)\=t 
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If x is a vertex with more than one incoming or outgoing vertices then the corresponding term 
in the right hand side of Equation (5) is calculated using the Littlewood-Richardson rule for 
tensor products. Recall that we use the notation A(aia2) to denote a Young tableau occuring 
in the Littlewood-Richardson product of Young tableaux A(ai) and A(a2). 

To calculate the resolution F, we associate a weight to each summand of /\* ^. Each summand 
consists of tensor products of terms of the form Sx(-)Rx (for x G Q') and Sx(-)Qx (for x G Q"). 
If X G Q' the associated sequence is (C^^, A(a,ia2 . . . ak)) where oi, 02, ■ ■ ■ dk arc all the outgoing 
arrows at x; if x G Q", the sequence is {—X{bib2---biy,0^'^) where bi,b2, ■ ■ ■ bi are all the 
incoming arrows at x. We can now state the main theorem. 

Theorem 3.3. With notation as above, 



Proof: To calculate -D(A) we apply Bott's algorithm to the weights described above and count 
the total number of exchanges N. There is one weight associated to every vertex; let denote 
the number of Bott exchanges at vertex x. 

If X is a source, the weight at x is of the form (0''''", X{Ix)) where Ix = ai^ai^ ■ ■ - o-ik such that 
Oj^ ,ai2,... aif, are all the arrows incident at x. Then Nx = "fxUx where Ux is the largest number 
such that A(/)n^ - jx >Ux. 

Similarly, if y is a sink, then weight at y is of the form (— A( J^)', 0'^^), where Jy = bj-^bj,^ ■ ■ ■ bj^ 
such that bj-^ ,bj2, ■ ■ ■ 6jj are all the arrows incident at y. In this case Ny = PyUy where Uy is the 
largest number such that —\{J)uy + Py < Uy Thus 



D{X) > Eq 




(7) X{Ix)l + A(/a;)2 H 1- K^x)u^ > Uxi'Jx + Ux) = U^. + ^xU. 



'X 



For similar reasons we have 



(8) 



KJy)'l + KJy)'2 + ■■■+ KJy)'uy > Uy{Py + Uy) =ul + PyUy 



On the other hand we have by Lemma 3.2 that 



A(7^)i + • • • \{Ix)u. < (A(aiji + • • • + A(aiJ„J 



X- 




Combining this with Inequality (7) gives 



(9) 



X 




for every pair (x, Ix) with x G Q'. 
Similarly 



\{Jy)\ + ■■■+ \{Jy)'u^ < ^ (A(6,Jl + • • • + A(6,J„J 
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together with Inequahty (8) impHes 

(10) Yl + • • • + ^(bjk)uy) >UI + PyUy 

— >y 

for every pair {y, Jy) with y G Q" . 

Using Lemma 3.1 we get a further upper bound on the right hand side terms of Inequahty 

(10) : if bji^ is an arrow from to y then 

for every A; = 1, 2, . . . , L So for every pair (y, Jy) we get inequahties 

(11) XI (^^fc% + ^(^iJwx,+l + Kbjk)u^k+^ + ■■■ + X{bjjiast) >ul + PyUy 

xk^y 

Adding the inequalities in (9) and (11) for ah pairs {x,Ix)xeQ' {y^Iy)yeQ" i we get 

(12) X l^(«)l + X > X ("' + ^^"^) + X (^^ + = X - ^ 
aeQi xeQ' j/eQ" xeQo 

which means 

(13) X i^(«)i - ^ ^ E - E ^-^f 



□ 



Corollary 3.4. Lei Q be a Dynkin quiver with source-sink orientation, V be a representation 
of Q such that the orbit closure Oy admits a 1-step desingularization Z. Then Oy is normal 

and has rational singularities. 

Proof: Q is Dynkin implies Eq > 0. Theorem 3.3 implies that the terms Fj of the resolution 
F, are zero for z < and Fq = A. By Theorem 2.2 it follows that the orbit closure is normal 
and has rational singularities. □ 

Corollary 3.5. Let Q be an extended Dynkin quiver with source-sink orientation. If V is a 
representation of Q such that the orbit closure Oy admits a 1-step desingularization Z then F, 

is a minimal free resolution of the normalization ofOy. 

Proof If Q is extended Dynkin, then Eq > 0. This implies Fj = for i < 0. The result then 
follows from Theorem 3.3. □ 

4. Examples 

Example 4.1. Consider Q = A4 with orientation as in the figure below. Let V be the direct 



A(l) A(2) A(3) 

Figure 1. ^4 



sum of indecomposables with dimension vectors (1,0,0,0), (1,1,1,0), (0,0,1,0), (0,0,1,1), 
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(0, 1, 1, 0), (1, 1, 1, 1) and (1, 1, 0, 0). V admits a 1-step desingularization with dimension vectors 
a = (4, 4, 5, 2) and f5 = (2, 3, 2, 1). The coordinate ring of Rep{Q, (4, 4, 5, 2)) is 

A = Sym{V2 V*) Sym{V2 ® Vg*) SymiVi ® V^) 

Let Ri denote the subspace ofVi of dimension Pi and let Qi := Vi/Ri. Then 

i = R2® Q*i® R2® Ql® Ra® Ql 

t 

l\i= 'S'a(1)'Qi ® Sx{l2)R2 (8) Sx{23yQ*3 ® Sx{3)R4 

The resolution of Oy is- 

A 
t 

^ A^g* ® ^(-7)) (A^Fi* ® AV2 ^ A{-7)) 

{A^V2 (8) AV3* (g) AV4 ® ^(-9) (aVi* (g) 52221^^2 <g (g) AV4 (g A(-17)) 

t 

(52111^2 A V3* A{-8)) e (A^Fi* 522221^2 A^g* ^(-14)) 
(A^l* ® 53222^^2 ® A^Fg* ® A(-15)) 

t 

(A^F; ® 5g222^2 <g A^g* (g A{-15)) 

0(aVi* S'2222^2 O 5'2iiiiV3* (g) A V4 O ^(-17)) 

0('S'2222V^2 (g) 5222221^3* (g) AV4 (g) A(-17)) 
t 

A^^Fi* (g) 53333^^2* ® £•22222 VJj (g) AV4 (g) A(-24) 



Example 4.2. Xei Q = with the following orientation 

4 

\{?>y° 

1 2 3^ 

° " A(l) ° A(2) ' ° 

5 

Figure 2. D5 

Let V he the direct sum of indecomposables with dimension vectors (1, 0, 0, 0, 0), (1, 1, 1, 0, 0), 
(0, 0, 1, 0, 1), (0, 0, 1, 1, 1) and (1, 2, 2, 1, 1). V admits a 1-step desingularization with dimension 
vectors a = (3, 3, 5, 2, 3) and j3 = (1, 2, 3, 2, 2). Then 

A = Sym{V2 <g) V^) Sym{V2 (g) V^) © Sym{V4 V^) © Sym{V5 (g) V^) 

Let Ri denote the subspace ofVi of dimension j3i and let Qi := Vi/Ri. Then 

= R2® Q\® R2® Ql® Ri® Ql® Rb® Ql 
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A ^ = Sx{iyQ*i (8) Sx{l2)R2 (S> S'a(234)'Q3 ® •S'a(3)^4 ® 5'a(4)^5 
ELi \Hi)\=t 

The resolution of Oy is- 

A 
t 

(A^Fi* ® ^^V2 ® A{-h)) e (AV2 AVg* A2l^4 ® A{-%) 

e(AV3* AV4 ® aVs ^(-9)) 
e(AVi* ® ^^V2 ® AV3* ® AV4 ® AV5 ® ^(-13)) 

e(AVi* (g) AV2 (8) A^a* (g) AV4 ® aVs ® ^(-13)) 

t 

®{^^v^ (g) AV2 (Fj ^^v.^ ® AV4 A^Vs ® A{-iA)) 

e(A^Vi* ® 5'2iiF2 ® A^Vg* ® AV4 ® A^l/s (8 ^(-14)) 
e(A^Vr ® 5211^2 ® A V4 ® A V5 (g ^(-14)) 

e(A^F]* (g) 5222 V^2 (g AV3* (g A^V4 (g) ^(-14)) 

e(A^FL* (g A^y2 5'2iiiiy3* (g AV4 ® A^V5 (g A(-14)) 

e(AV2 (g 5*22222 V3* (g 5*2214 ® A^Fs (g ^(-18)) 
©(A Vi* (g) 5222 V2 (g 522222 V3* 521^4 ® A^Vs ^(-22)) 
©(A Vi* (g 5222 ^2 <g 522222 V^3* <g 522^4 (g AV5 (g ^(-22)) 

t 

©(A-Vi* ® 5211F2 ® 52iiiil^3* » A^l/i h^V-, (S) A{^lb) 

©(A Vi* © 5222 V^2 © 532222^^3* © 522^4 © AV5 © A(-23)) 
©(A^Fl* © 5322 ^2 © 522222 V3* © 522^4 © A^Vs © ^(-23)) 
©(aVi* © 5322 F2 © 522222 V^3* © 521F4 © AVs © ^(-23)) 
©(A^l* © 5222^^2 © 522222 V^3* © 522^4 © AV5 © ^(-23)) 

t 

(A^V]* © 5322^^2 © 532222^^3* © 522^4 © A^g © A(-24)) 



Example 4.3. Q = Eq with the orientation 



A(l) A{2) 



A(3) A{4) 
A(5) 



Figure 3. Eq 

Let V = /iffil2 where Ii and I2 are the indecomposable representations with dimension vectors 
(0,1,1,1,0,1) and (1,2,3,2,1,1) respectively. Then V admits a 1-step desingularization with 
dimension vectors a = dim V = (1, 3, 4, 3, 1, 2) and P = (1, 2, 3, 2, 1, 1). 

A = Sym{Vi © V^) © 5ym(y3 © V^) © 5ym(y3 © V^) © 5ym(F3 © Vi) © Sym{V5 © V^) 
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C = Ri^ Q*2® Q*2® Ql® Q*e® Rb® Ql 



A ^ = 'S'a(1)-Ri ® 'S'a(12)'Q2 ® 'S'a(235)^3 ® 5'a(34)'Q4 ® 'S'a(4)^5 ® 5'a(5)'<36 
Ef=i |AWI=t 

T/ie resolution of Oy is 

A 
t 

e(Vi ® AV2* AV3 ® aV; ® V5 ® A(-ii)) 

©(Fi (8) AV2* (g) S'222iV3 aV/ (g) A^e* ^(-15)) 
®{Vi (8) A^F2* ® '92221^3 ® (8) y - 5 A^ Fg* ® ^(-15)) 

©(AV2* ® S'2222V3 AV4* (g AVq* (g ^(-15)) 
©(AV2* ^2221^3 ® AV4* «) F5 A^ ® A{-lb)) 

t 

{Vi ® AV2* ® 52222^3 ® aV; ® .^21^6* ® ^("16)) 

®{Vx (8) A=^F2* '92221 V3 <8 A=^y4* (8 n '8) ^aiFg* <^ ^(-16)) 
©(Fi © AV2* © 52221V3 5'2iiF4* F5 aVs* © ^(-16)) 

©(Vi © 5*2111^2* ® 5'2222^^3 © A^T^* © F5 © aVq* © ^(-16)) 
©(Fl © S'21lV'2* ® '52221^3 © AV4* © V5 © AVg* © ^(-16)) 
e(A^y2* ® -52222^3 © AV4* © ^5 © 521^6* ® ^(-16)) 
e(AV2* © ^2222^^3 © -5211^4* © ^5 © A^g* © ^(-16)) 

t 

{Vi © AV2* © S'2222V55 © S211VI © ^5 © S2lVi © ^(-17)) 
®{Vi © 5211^2* ® 52222 V3 © A^y4* © ^5 © 521^6* ® ^("l^)) 
e(Fi © S211F2* © S'2222V'3 © 5211^4* © F5 © AVg* © ^(-17)) 
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